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Abstract 

We show that if P is a lattice polytope in the nonnegative orthant of M. k 
and x is a coloring of the lattice points in the orthant such that the color 
x(a + b) depends only on the colors x( a ) an d x(b), then the number of colors 
of the lattice points in the dilation nP of P is for large n given by a poly- 
nomial (or, for rational P, by a quasipolynomial). This unifies a classical 
result of Ehrhart and Macdonald on lattice points in polytopes and a result 
of Khovanskh on sumsets in semigroups. We also prove a strengthening 
of multivariate generalizations of Khovanskh's theorem. Another result of 
Khovanskh states that the size of the image of a finite set after n applica- 
tions of mappings from a finite family of mutually commuting mappings is 
for large n a polynomial. We give a combinatorial proof of a multivariate 
generalization of this theorem. 

1 Introduction 

In many classes of enumerative combinatorial problems, every counting function is 
equal — usually for sufficiently large arguments — to a polynomial or to a quasipoly- 
nomial. In this article, we consider several classes of problems with this prop- 
erty, (re) derive their polynomiality in a more uniform manner, and generalize and 
strengthen existing results. We begin with three important examples. 
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1.1 Lattice polytopes, sumsets in semigroups, ideals in a 
poset 

For n G N and a lattice polytope P C M fc , which is a convex hull of a finite set 
of points from Z fc , denote by i(P,n) the number of the lattice points lying in the 
dilation nP = {nx : x G P} of P, 

i(P,n) = \nPC]Z k \. 

Ehrhart and Macdonald obtained the following result. 

Theorem 1.1 (Ehrhart [5], Macdonald [IB1III])- The number i(P, n) of the lattice 
points in nP is for all n G N given by a polynomial. 

More generally, if P is a rational polytope (its vertices have rational coordinates) , 
then i(P,n) is for all n G N given by a quasipolynomial (the definition of a 
quasipolynomial is recalled in Section 1.3). See Stanley [201 Section 4.6] for more 
information. 

For a commutative semigroup (G, +) and subsets A,B C G, consider the sum- 
sets 

G A} and A + B = {a + b : aeA,beB}. 

For a (typically infinite) set X, its subset B C X, and a family T of mutually 
commuting mappings / : X — > X, the nth iterated image of B by JF is 

*<»)(B)= (J (A° •■■%)(£), 

where f(B) denotes the set {f{x) : x G -B}. The following three theorems are due 
to Khovanskh. 

Theorem 1.2 (Khovanskh |9J). Let A and B be finite sets in a commutative 
semigroup. 

1. For large n, the cardinality of the sumset \n * A\ is given by a polynomial. 

2. For large n, the cardinality of the sumset \n* A + B\ is given by a polynomial. 

Theorem 1.3 (Khovanskh [10]). Let G = (G,+) be a commutative semigroup, 
A, B C G be two finite subsets, and ip : G — ► C be an additive character of G 
(i.e., ip(a + b) = ij){a)il)(b) ). Then there exist polynomials p a (x), a & A, such that 
for large n one has 

a£n*A+B a£A 
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Theorem 1.4 (Khovanskii [9]). If B is a finite subset of X and J 7 is finite family of 
mutually commuting mappings from X to itself, then the cardinality of the iterated 
image J-"^ n \B) is for large n given by a polynomial in n. 

Khovanskii stated and proved just part 2 of Theorem 11.21 (as a corollary of Theo- 
rem QUI); however, part 2 immediately implies part 1 which we state explicitly for 
the purpose of later reference. Both Theorem 11.31 and Theorem 11.41 include part 
2 of Theorem 11.21 as a particular case: set ip = 1, respectively set X = G and 
consider the mappings T = {s a : a G A} where s a (x) = x + a. 

Let us now consider the poset (Nq, <), No = {0, 1, 2, . . . }, with componentwise 
ordering: 

a = (ax, . . . ,a k ) < b = (bi, . . . ,b k ) a* <b i} i = 1, . . . , k. 

A lower ideal S C Nq, is a set satisfying the condition a < b,b G S =^> a G S. 
The following result was first posed as a problem in the American Mathematical 
Monthly, see also [20l Exercise 6 in Chapter 4]. 

Theorem 1.5 (Stanley [19J). For a lower ideal S in the poset (Nq, <), the number 
of the elements a = (ai, . . . , a&) G S with ||a||i = a x + • • • + a k = n is for large n 
given by a polynomial. 

We prove all five theorems (Theorem 11.11 in a weaker form for large n only) in 
the framework of more general results in Section 2. 

1.2 Our results 

At first, we wanted to understand the connection between Theorems 11.11 and 11.21 
and to find reasons for polynomiality of these two and other classes. This turned 
into a goal to explain the above results on polynomiality in a uniform manner, 
and to give combinatorial proofs of these combinatorial results; some of the above 
theorems were originally proved by somewhat opaque algebraic arguments. We 
succeeded in this to large extent for the five theorems. In Section 2, we demon- 
strate that Theorems I1.1H1.4I (Theorem 11.11 for large n only) follow as corollaries 
of Stanley's Theorem 11.51 or of its natural extensions stated in Theorems 12.21 and 
12.151 We will give multivariate generalizations of Theorems 1 1 . 2l - fi~4l Theorem 12. 151 
can be used to prove polynomiality of further classes of enumerative problems, 
which we briefly mention in Section 3 and will discuss in details in [7j. 

We build on the results of Khovanskii 0, [TO] , Nathanson and Ruzsa [17] and 
Stanley [19J . Khovanskii's original proof of part 2 of Theorem 11.21 as a corollary 
of Theorem II .41 in [9] was algebraic, by means of the Hilbert polynomial of graded 
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modules. In [10] , he gave a combinatorial proof of part 2 as a corollary of Theorem 
11.31 Extending Khovanskii's algebraic argument, Nathanson [16J proved a multi- 
variate generalization of part 2 (see Theorem I2.5p . Then Nathanson and Ruzsa 
[T7] gave a simple combinatorial proof for a multivariate generalization of part 1 
(see Theorem 12.41) . 

Our contribution is a common strengthening of these generalizations in Theo- 
rem [2J22 If Ai, . . . , Ai are finite sets in a commutative semigroup (G, +) and 

p(m, . . . ,ni) := \ni * A x H \-m* Ai\, 

then there is a constant c > such that for any Z-tuple of arguments n 1; . . . , rii, if 
the arguments rij not exceeding c are fixed, then p(ni, . . . , n{) is a polynomial func- 
tion in the remaining arguments rii bigger than c. We characterize such eventually 
strongly polynomial functions in Proposition 12.91 

In Theorems 12.11 and 12.81 we prove our next result, a common generalization 
of a weaker form of Theorem 11.11 and part 1 of Theorem 11.21 We prove that if P 
is a lattice polytope in the nonnegative orthant of M, k , and x is a coloring of the 
lattice points in the orthant such that xi a + b) depends only on the colors x{ a ) 
and x{b), then the number of colors 

\ x (nPnz k )\ 

used on the points nP fl Z fe is a polynomial in n for large n. More generally, if P 
is a rational polytope, then the number of colors is for large n a quasipolynomial 
(Theorem 12. 81) . This includes Theorem ll.il (in a weaker form for large n) and part 
1 of Theorem 11.21 as particular cases. We want to remark that our Theorem 12.11 
is to some extent hinted to already by Khovanskii [91 paragraph 5] who derives, 
as an application of part 2 of Theorem 11.21 the weaker form of Theorem 11.11 We 
also obtain Theorem 12.11 as a corollary of part 2 of Theorem 11.21 and a geometric 
lemma. 

Our third result are multivariate generalizations of Theorems 11.31 and 11.41 pre- 
sented in Theorems 12.111 and 12.121 respectively. We give combinatorial proofs. 
The proof of Theorem 12.111 on additive characters is a simple extension of the 
combinatorial proof of Theorem 12.101 and we only give a sketch of the proof. The 
proof of Theorem 12.121 on iterated images is more interesting. We derive it from 
Theorem 12.151 which extends Stanley's Theorem II .51 on lower ideals. Theorem 12. 151 
characterizes the sets 5 C Nj for which Theorem 11.51 holds. 

Our combinatorial approach is based on expressing counting problems in terms 
of colorings x °f an d on counting the color classes of x y i a appropriate rep- 
resentatives, so called substantial points. We have learned both techniques from 
Nathanson and Ruzsa [17J. A new ingredient is the representation of counting 



4 



functions in a compact and convenient way by their generating power series (which 
play almost no role in P, QJJ, [161 E] ) • We recall some results on them in the next 
subsection. 

In Section 3, we give some concluding remarks and references to further exam- 
ples of polynomial classes of enumerative problems. 

I. 3 Notation and results on power series 

We fix notation and recall some useful results on power series. N is the set of 
natural numbers {1, 2, ... } and No is the set {0} U N. The symbols for number 
sets Z, Q, M, and C have their usual meanings. For n G N, the set {1,2,..., n} is 
denoted by [n]. We call the elements of Z fc lattice points. All semigroups in this 
article are commutative. We will use the lexicographic ordering of Nq, which is a 
total ordering: a <i ex b iff a\ — bi, . . . , — b iy a i+ i < for some i, < i < k. 

A quasipolynomial is a function / : Z — > C for which there are d polynomials 
Pi(x) , . . . , Pd(x) such that /(n) = Pi(n) if n = i mod d; d is the period of /. 
Equivalently, f(n) = cik(n)n k + ■ • • + a 1 (ra)ra + ao{n) where aj : Z — > C are periodic 
functions. The term quasipolynomial is sometimes (e.g., in jlTJj ) used also for 
linear combinations of exponentials with polynomial coefficients (as in Theorem 

II. 31) ; we use it in the present sense. 

We shall use formal power series 



with real coefficients a (a) = a(ai, . . . , a^) and several variables X\, . . . , their 
set is denoted by . . . , Xk}}- The symbol 



denotes the coefficient a(ai, . . . , of x^ 1 . . . x°£ in F. For a subset /I C N{, 
Fa{x) = Fa(xi, . . . , Xk) G . . . , Xk]] is the power series 



F(xi, ...,x k ) 





F A (xi 



,---,x k ) = Y1 




i.e., a (a) is the characteristic function of A. 



Lemma 1.6. Let F G ]R[[si, . . . , x^] be a rational power series of the form 



where r G M[x%, . . . , x*] is a polynomial and G No. Then for every I G No, I < k, 
and every l-tuple (ai, . . . , a/) G N , t/iere exist a constant c > and a polynomial 
p G R[xz + i, . . . , Xfe] (jfor I = k we understand p as a real constant) such that if 
rij+i, . . . , rifc G N are a/i bigger than c, then 

[xl 1 . . . xfx^ . . . x n k k ] F = p(n J+ i, . . . , n fc ). 

Proof. Let us check that the claim holds when k — 1, < i < 1, and r(xi) = 
r(x) = x b . By the binomial expansion, 

^■g("::r 1 )^-g(" + ::rv- 

The general case reduces to this by expressing F as a finite linear combination of 
terms of the type 

x l • • • x fc 

(i - xO e i . . . (i - x k y* 

□ 

We add three comments to the lemma. If the polynomial r[x,\, . . . , Xk) has rational 
coefficients, then p(xi + i, . . . , x k ) has rational coefficients as well. Also, Lemma [TTdI 
holds more generally for any subset of the set of variables x\, . . . , Xk (we have chosen 
the subset xi + i, . . . , Xk only for the convenience of notation). Finally, Lemma [1.61 
can be strengthened by selecting the constant c first and thus making it indepen- 
dent on the /-tuples (a^, . . . , a{). We return to this matter in Proposition 12.91 

Let F G M[[xi, . . . , Xk]] be a power series and P = {Pi, . . . , P{\ be a partition of 
the index set [k] into I blocks. The substitution Xi := yj, where 1 < i < k and j is 
the unique index satisfying i E Pj, turns F into the power series G G K[[j/i, . . . , 
with the coefficients 

where we sum over all a £ Nj satisfying J2iep a i = n ji 1 — 3 — ^ We call 
a substitution of this kind P- substitution. It is immediate that P-substitutions 
preserve the class of rational power series considered in Lemma 11.61 

Lemma 1.7. If F G . . . , Xk]] has the form F = r(l — xi)~ ei ... (1 — Xk)~ ek , 

where r G M.[xi, . . . , Xk] and 6j G N , and G G . . . , yi]] is obtained from F by 

a P -substitution, then G = s(l — yi)^ 1 ... (1 — yi)~^ % , where s G R[yi, . . . , j/j] and 

fi e N . 



n 
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2 Generalizations of Khovanskii's theorems 



This section is devoted to the proofs of our main results, which are Theorems 12. 1[ 
[2781 [27TOI I27TTI I27T21 andETTi 

2.1 Additive colorings 

We shall work with the semigroup (Ng, +), where the addition of /c-tuples is defined 
componentwise. For a (possibly infinite) set of colors X, we say that a coloring 
X '■ N§ —> X is additive if 

X(a + b) = x(c + d) whenever x(a) = x(c) and xip) = x(d), 

that is, if the color of every sum depends only on the colors of summands. The 
coloring x then can be viewed as a homomorphism between the semigroups (in fact 
monoids) (Nq, +) and (X, +). The additivity of x is equivalent to the seemingly 
weaker property of shift- stability, which only requires that 

x(ct> + b) = x{c + b) for every b whenever x( a ) = xi c )- 

Indeed, if x is shift-stable and a, b,c,d e Nq are arbitrary elements satisfying 
X(a) = xic) and xip) = x(d), then x(a + b) = x(« + d) and x(a + d) = x(c + d), 
so x(a + b) = x(c + d). 

Let (G, +) be a (commutative) semigroup, we may assume that it has a neutral 
element and is a monoid. If A = (a\, . . . , Ofc) is a sequence of (possibly repeating) 
elements from G, then the associated coloring 

X- Nq -> G, xiy) = X((vi, ■ ■ -,v k )) = Uifli H h v k a k , 

is additive. In terms of this coloring, the cardinality of the sumset 

n * A = {riiai + ■ ■ ■ + rifcCifc : n\ + ■ • ■ + n k = n} 

equals to the number of colors |x(nP fl Z d )| appearing on the lattice points in the 
dilation of the unit simplex 

P = {x G JR fc : Xi > 0, x 1 H hx fc = l}. 

We prove the following common generalization of a weaker form of Theorem 
11.11 (for large n only) and part 1 of Theorem 11.21 



7 



Theorem 2.1. Let P be a polytope in IR fc with vertices in Ng and let \: Nq — > X 

be an additive coloring. Then, for n G N sufficiently large, the number of colors 

\x(nPnz k )\ = \ x (nPnN k )\ 

is given by a polynomial. 

For large n, Theorem 11.11 corresponds to the case when \ is injective (hence addi- 
tive) and P is a general polytope, while part 1 of Theorem 11.21 corresponds to the 
case when \ is a general additive coloring and P is the unit simplex. 

We begin with proving a formally stronger version of Theorem II. 5t our proof 
is a straightforward adaptation of that in [19] . Recall that S C Nq is a lower 
ideal in the poset (Nq, <) if for every a G Nq we have a G S whenever a < b for 
some b G S. Upper ideals are defined similarly. The proof rests on the well-known 
result, sometimes called Dickson's lemma, which states that all antichains (sets 
with elements mutually incomparable by <) in (Nq, <) are finite. This lemma is a 
corollary of the more general fact that if (P, <p) and (Q, <q) are two posets which 
have no infinite antichains and no infinite strictly descending chains, then this 
property carries over to the product poset (P x Q, <p x q) (see, e.g., Kruskal [TT]). 

Theorem 2.2. Let S G Nq be a lower or an upper ideal in the poset (Nq, <)■ Then 
where r{x\, . . . , X}.) is an integral polynomial. 

Proof. Since every upper ideal S has as its complement T = Nq\S a lower ideal 
and vice versa, and 

1 

F s (x) + F T (x) = F N k(x 



*0 



(i - xi) . . . (i - x k y 



it suffices to prove the result only for ideals of one kind. Let S be an upper ideal. 
If M C S is the set of the minimal elements in S, then 



S= [jo 



a- 



where O a = {b G Nq : b > a}. Being an antichain, M is finite by Dickson's lemma 
and S is a finite union of the orthants O a , a G M. For any finite set T of points 



in Nq we have 



n °t = °s 



teT 



8 



where s = (s%, S2, ■ ■ ■ , s k ) is the componentwise maximum of the points t G T. 
Thus, by the principle of inclusion and exclusion, the characteristic function of S 
is a linear combination, with coefficients ±1, of characteristic functions of finitely 
many orthants O s . Since each of them has generating function 



FoAx) 



Si St. 

nn . . . r f 



[l-xt) ■■■(!- x k y 



we have F$(x) — r/((l — X\) . . . (1 — x k )) for some integral polynomial r. □ 

Theorem 11.51 now follows as a corollary, with the help of Lemmas 11.61 and 11.71 and 
the P-substitution P = {{1, . . . , k}}. 

Next, we prove the multivariate generalizations of Theorem 11.21 from [T6] and 
[T?] ; this is necessary, since we need part 2 of Theorem 11.21 for the proof of Theo- 
rem 12.11 In Corollary 12.31 we lift the result of Nathanson and Ruzsa to the level of 
generating functions. 

Suppose that P is a partition of [k] into I blocks and Nq — > X is a coloring. 
For x G Nq we define ||x||p to be the /-tuple (ci, . . . , q) G N , where q = J2jePi x i 
is the sum of the coordinates with indices in the ith block. Using the notion 
introduced in [T7], we say that a point a G Nq is P-substantial (with respect to x) 
if it is the lexicographically minimum element in the set 

{bEN k : x (b)=x(a),\\b\\ P =\\a\\ P }. 

Note that every nonempty intersection of a color class with the set {i G N{ : 
||x||p = (ni, . . . , ni)} (for / = 1 this is the dilation riiP where P is the unit simplex) 
contains exactly one P-substantial point. P-substantial points are representatives 
which enable us to count the color classes. 

Corollary 2.3. Let P be a partition of[k] into I blocks, \ : Nq — > X be an additive 
coloring and 5 c Nj be the set of P-substantial points. Then 

F S (Xi, . . . , X k ) = r r 

(1 -Xi)---(1-X h ) 

where r(x\, . . . , x k ) is an integral polynomial. 

Proof. In view of the previous theorem, it suffices to show that P-substantial 
points form a lower ideal or, equivalently, that their complement is an upper ideal. 
The latter way is a more natural choice. Let b G Nq be any point such that 
b > a for a non- P-substantial point a G Ng. There is a point a' G Nq satisfying 
xi a ') — x( a ); ll a 'l|p = ll a l|p) an d a ' <iex O- Consider the point b' = a' + {b — a). 
We have xip') — x(fy ^y the additivity (indeed, shift-stability) of x, an( i W\\p = 
\\a'\\p + ||6 — a\\p = \\a\\p + \\b — a\\ P = \\b\\ P and b' <\ ex b by the properties of 
addition in (Nq, +). Thus b is not P-substantial either. □ 
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Theorem 2.4 (Nathanson and Ruzsa [T7]). Let Ai,...,Ai be finite sets in a 
semigroup (G,+). There exist a constant c > and an integral polynomial p G 
Z[xi, . . . , Xi] such that if n±, . . . , n; 6 N are all bigger than c, then 

|ni * A x H h * A,| = . . .,n t ). 

Proof. Let A = (ai, . . . , a*,) be a fixed ordering of all elements appearing in the 
sets Ax, ■ ■ ■ , A\ (taken with their multiplicities, so k = \Ax\ + • • • + \ Ai\) and P be 
the corresponding partition of [k] into I blocks. Let x : ^ G be the coloring 
associated with A and S C Nq be the corresponding set of P-substantial points. 
Let G G R[[yi, • • • ,yi\] be the power series obtained from F$(xx, ■ ■ ■ ,xp.) by the 
P-substitution. Then 

\n 1 *A 1 + --- + m*Ai\ = [yT . . . y? 1 ] G. 

The result now follows by Corollary 12.31 and by Lemmas 11.61 and 11.71 □ 

Extending Khovanskii's original algebraic argument, Nathanson [16] proved a mul- 
tivariate generalization of part 2 of Theorem 11.21 

Theorem 2.5 (Nathanson [IE])- Let Ax,...,Ai +1 be finite sets in a semigroup 
(G, +). There exist a constant c > and a polynomial p G Z[xi, . . . , Xj\ such that 
if nx, ■ ■ ■ ,ni G N are all bigger than c, then 

\nx * Ax H \-m *Ai + A t+ x\ = p(n 1; . . . ,ni). 

Proof. The proof is almost identical to the proof of Theorem 12.41 We again see 
that 

\n 1 *A 1 + --- + n l *A l + A l+1 \ = [y? . . . yf l yi +1 ) G 
and use Corollary 12.31 and Lemmas 11.61 and 11.71 □ 

The last ingredient needed for the proof of Theorem 12.11 is a geometric lemma. 
Before we state the lemma, let us point out some observations about multiples of 
polytopes. Let P C M. k be a polytope, n G N , and ax, ■ ■ ■ , a n G K. be nonnegative 
coefficients. Clearly, nP C n * P. On the other hand, representing points in P as 
convex combinations of the vertices of P, we deduce the following set inclusion 

axP + ■■■ + a n P C (on H h a n )P. (1) 

In particular, n * P C nP and thus n* P = nP. As a corollary, we obtain another 
set inclusion 

(axP n Z fc ) + ■ • • + (a n P n Z fc ) C (ax + ■ ■ ■ + a n )P n Z fc . (2) 



10 



In particular, n * (P fl Z fc ) C nP PI Z fc . The opposite inclusion in general does not 
hold. To get equality in some form also for lattice points, we use Caratheodory's 
theorem. This theorem says that if a point a in M fc is in the convex hull of a set 
of points M, then a can be expressed as a convex combination of at most k + 1 
points of the set M (see, e.g., Matousek [T5]). 

Lemma 2.6. Let fceN an<i Pel' 6e a lattice polytope. Then for every n£N, 
n>k, we have in (Z fc , +) t/ie identity 

nP n z fc = (n - Jfe) * (P n z fc ) + (jfep n z fc ). 

Proof. Let i>i, . . . , v r be the vertices of P and let p G nPflZ fc with 116N and n > k. 
Clearly, p is in the convex hull of the points nv\, . . . , nv r . By Caratheodory's 
theorem, p is a convex combination of at most k + 1 of these points. Hence 

p = (3\nw\ + • ■ • + PjUWj, where A > and j3\ + ■ ■ ■ + j3j = 1, 
= n\W\ + • ■ ■ + rijWj + w, 

where = LA n J e Nq, j < k+1, Wi, . . . , Wj are some distinct vertices of Vi, . . . ,v r , 
and 

w = aiwi + • • • + atjWj, where = fan — [A n J [0, 1)- 

Since w = p — {n\Wi + • • • + TijWj), we see that w is a lattice point. By JT]), 
io G (oti + • • ■ + Q!j)P = cP. We have < c = ai + ■ • • + atj < j < k + 1 and 
c = aii + • ■ • + otj = n — (m + ■ ■ • + rij) G No- Thus c < k. We conclude that 
id G cP fl Z* where c G PJ , c = n — (rii + • • ■ + n^), and c < k. 

We split niWi + ■ • • + njWj in the individual % + ••• + rij = n — c summands, 
each of them equal to some tUj, and merge k — c of them with if so that we obtain 
a point z G kP fl Z fc (using the inclusion (j2j) above). Thus we get the expression 

P = Zl H h + Z 

where Z{ G P fl Z fc (in fact, G {f i, . . . , v r }) and z G fcP fl Z fc . This shows that 

nP n z fc c (n - fc) * (P n z fe ) + (fcp n z fc ). 

The opposite inclusion follows from (j2J). □ 

We are ready to prove Theorem 12.11 

Proof of Theorem \2.1[ We consider the semigroup of color classes (x(Nq), +) and 
its subsets A = x(P H Ng) and P = x(^P H Ng). By Lemma 

|x(nPnN^)| = \(n — k)*A + B\. 
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By part 2 of Theorem 11.21 (or by Theorem 12.51 or by Theorem 12.101 in the next 
subsection) , this quantity is for big n a polynomial in n — k and hence a polynomial 
in n. □ 



We generalize Theorem 12.11 to rational polytopes. Our argument is based on 
the following generalization of Lemma 12.61 

Lemma 2.7. Let k G N and let P C M fc be a rational polytope. Let m G N be 
such that mP is a lattice polytope. If n G N satisfies n > mk and is congruent to 
r G {0, 1, . . . , m — 1} modulo m, then we have the identity 

nP n Z fc = - — — * (mP n Z k ) + ((mk + r)P n Z fc ). 

m 

Proof. The proof is an extension of that for Lemma 12.61 and we proceed more 
briefly. Again, it suffices to prove the set inclusion "C", the opposite one is trivial. 
Fix a point p G nPflZ fc with n > mk congruent to r modulo m. As in the proof of 
Lemma 12.61 only replacing the integral part rij = [An. J with the largest multiple 
of m not exceeding fan, we write p as 

3 3 

P = ^iWj + 2^ 

i=l i=l 

where j < fc + 1, Wi are some vertices of P, n t G No are multiples of m, G [0, m), 
and c = cti + • ■ ■ + a, = n — (ni + • ■ ■ + n 3 -) G N is congruent to r modulo m. So 
c < mk + r. Moving several multiples of m from n, to the corresponding cci, we 
may assume that c = mk + r. It follows that the first sum of the right-hand side 
is equal to an element of n ~ mk ~ r * (mP fl Z fc ), while the second sum belongs to 
(mk + r)P n Z k . □ 



Using this lemma and part 2 of Theorem 11.21 we get the following theorem in the 
same way as we got Theorem 12.11 We omit the proof. 

Theorem 2.8. Let P be a polytope in R fc with vertices in Q> 0; let m G N be such 
that the vertices of mP lie in Nq, and let x' Nq — * X be an additive coloring. 
Then, for n G N sufficiently large, the number of colors 

\ X (nP HN k )\ 

is given by a quasipolynomial with period m. 
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2.2 Strongly eventually polynomial functions 



Theorems 12.41 and 12.51 say nothing about the values of the corresponding functions 
when some argument is not bigger than c. In Theorem 12.101 we give a stronger 
formulation using other notion of an eventually polynomial function in several 
variables, which is suggested by power series. 

For k, c G N we define V(k, c) = ([0, c] U {oo}) fc ; the elements of V(k, c) are the 
(c + 2) k words w = W\W2 ■ ■ ■ w k of length k such that every entry Wi is 0, . . . , c or 
oo. We say that a function 

/: Nq — > R 

is strongly eventually polynomial if there exist a c G N and (c + 2) fe polynomials 
p„, G M[xi, . . . , Xk] indexed by the words w G V(k, c) so that for every fc-tuple 
n = (ni, . . . , rifc) G Ng and the unique w = w{n) G c) determined by Wi = rii 
if Ui < c and u>, = oo if n« > c, we have 

/(ni, . . . , 7i fe ) = p w ( n )("i, ■■■,n k ). 

Said more briefly, there is a constant c G N such that for any selection of arguments 
Hi, when we fix arguments not exceeding c, /(ni, . . . , n^) is a polynomial function 
in the remaining arguments (which are all bigger than c). Note that for k = 1 
this notion is identical with the usual notion of an eventually polynomial function 
/: No — > K (there is a constant c > and a polynomial p G such that 

f(ri) = p(n) for n > c). Note also that if /: Ng — * R is strongly eventually 
polynomial for a constant c, then it is strongly eventually polynomial for any 
larger constant. 

We give a stronger version of Lemma 11.61 

Proposition 2.9. A function f: Ng — > R is strongly eventually polynomial if and 
only if 

F(x 1 ,...,x k )=^f(n)x 1 ..-x k = (1 _ Xi)ei ... (1 _ gfc)efc , 
/or some r G R[xi, . . . , x k \ and G No- 

Proof. If / is strongly eventually polynomial and is represented by the polynomials 

p v , v G V(/c, c), we have 
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Each inner sum is a power series which can be transformed in the form r(l — 
x\)~ ei . . . (1 — Xk)~ ek for some r G M[xi, . . . , x k ) and G No- Thus F(x) has the 
stated form. 

Suppose that F(x) has the stated form. As in the proof of Lemma 11.61 we 
write it as a linear combination of terms of the type 

k ^ 
TT x -± 

W(l-a*)«' 

where bi, G No- The coefficients of the power series x b /(l — x) e form a univariate 
strongly eventually polynomial function. It is easy to see that the concatenative 
product h : ~Nq +1 — > R of two strongly eventually polynomial functions / : Nq — > R 
and <? : Nq — > R, defined by 

/i(ni, . . . , n k+ {) = /(m, . . . , n k )g(n k +x, ■ ■ ■ , n^+j), 

is strongly eventually polynomial as well (as we know, we may assume that the 
constant c is the same for / and g). The same holds for the linear combination 
a f + @9 '■ — > R of two strongly eventually polynomial functions /, g : Nq — >• R. 
From the expression of F(x) as a linear combination of the mentioned products, 
it follows that the function (ni, . . . , i— > [a;™ 1 . . . x^ k }F(xi, . . . , x^) is a finite 
linear combination of concatenative products of strongly eventually polynomial 
(univariate) functions. Thus it is strongly eventually polynomial as well. □ 

The following theorem is a common strengthening of Theorems 12.41 and 12.51 
which cancels the distinction between the projective and affine formulations (parts 
1 and 2 of Theorem 11.21) . 

Theorem 2.10. Let A\, . . . , A\ be finite sets in a semigroup (G, +). Then 

(ni, . . . ,ni) h-> |m * A x H V n x * A{\ 

is a strongly eventually polynomial function from N to No. 

Proof. The proof is almost identical to the proof of Theorem 12.41 only we use 
Proposition 12.91 in place of Lemma [1.61 □ 

2.3 Multivariate generalizations of Theorems 11.31 and 11.41 

Recall that for I, c G N, the set V(l, c) consists of the (c + 2) 1 words of length 
I over the alphabet {0, . . . , c, oo} and that for n = (rij, . . . , n{) G N the word 
w(n) = Wx ■ ■ ■ wi G V(l, c) is defined by Wi = rij if rii < c and Wi = oo if > c. 
The next theorem generalizes Theorems 11.31 and 12.101 (and thus in turn Theorems 
OH231 and £5]). 
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Theorem 2.11. For finite sets Ai, . . . , Ai in a semigroup G = (G, +) and a char- 
acter ip: G — > C, there exist a constant c G N and (c + 2) l \A\\ • ■ ■ \Ai\ polynomials 
Pw,a lt ...,ai . . . , X[], where w G V(l, c) and G A4, such that for every I -tuple 

n = (ni, . . . ,ni) G Nq and the corresponding word w(n) G V(l, c), we have 

Yl ^(°) = 5^ P«,(n),a 1 ,...,a i ( n l ) --- ) n OV'( a l) ni ---V ; (««) n! - 

a€ni*yliH h«;*A; aiGj4i,...,a;GA; 

Proof (Sketch). We pull ^ back to the semigroup (Nq, +) with the associated col- 
oring and for X C Nq work with the power series 

FxA x ) = Yl • • • x k k - 

For an orthant O s C Nq we then have, denoting the k basic unit vectors by Ui, 

ip(s)x s 1 1 . . . x s k k 



F 0s ,4,(x) 



ip(ux)xi) ... (1 - 4>(u k )x k )' 



Thus, arguing as in the proof of Theorem 12.21 if X C Nq is a lower or an upper 
ideal, then 

F M = r(x u ...,x k ) 

*'* K ) (l-^i)...(l-^h) 
where r is a polynomial whose coefficients are finite sums of ± values of ip. It 
follows that 

aGrti*j4iH \-ni*Ai 

where G(y) is obtained from such F x ^(x) by a P-substitution. The theorem 
now follows by a version of Proposition 12.91 for rational power series of the form 
r/((l-aixi) ei ...(l-a fe a; fc ) eft ). □ 



In the multivariate generalization of Theorem 11.41 we refine the iterated image 
,p( n )(P) by partitioning T. For a (typically infinite) set X, its subset B C X, 
a family T of mutually commuting mappings f:X—>X, and a partition P = 
{Pi, . . . , Pi} of T into nonempty blocks, we let JR"^-'"*) denote the set of all the 
functions that can be obtained by composing I functions fi o f 2 o ■ ■ ■ o f h where 
each fi is itself a composition of functions belonging to the block Pj, and set 

F^-w)(B) = \J f(B). 

The next theorem generalizes Theorems 11.41 and 12.101 (and thus in turn Theo- 
rems Ol El andESI). 
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Theorem 2.12. If B is a finite subset of X, T is finite family of mutually com- 
muting mappings from X to itself, and P = {Pi, . . . , Pi} is a partition of T , then 

(n 1 ,...,n l )»\J**-> n *\B)\ 

is a strongly eventually polynomial function from N to No- 

For the combinatorial proof we need an extension of Theorem 12.21 to sets more 
general than lower or upper ideals. For k G N, / C [k], and s G Nq, the generalized 
orthant O s j C Nq is defined by 

O s ,i = {x eNq : i G I Xi = Si, i & I X, > Sj}. 

An empty set is also a generalized orthant. A subset S C Nq is simple if it is a 
finite union of generalized orthants. In particular, every finite set is simple. So is 
every upper ideal and, as we shall see in a moment, every lower ideal. 

Lemma 2.13. Intersection of any system of generalized orthants is a generalized 
orthant. Complement of a generalized orthant to Nq is a simple set. 

Proof. A fc-tuple x of Nq lies in the intersection of the system s (i),.r(j), j G J, of 
nonempty generalized orthants iff for every % G [k] the ith coordinate Xi satisfies 
for every j G J the condition imposed by the membership x G O g u\ju\. These 
conditions have form Xj G {sij} or X{ G [sjj, +oo) for some G N . Intersection 
(conjunction) of these conditions over all j G J is a condition of the type Xi G 
or Xj G {sj} or Xj G [sj, +oo) for some Sj G N . This is true for every i G [A;]. Thus 
PljeJ Os(j),Hj) ^ s an em Pty se ^ or a nonempty generalized orthant. 

Let O = O s j C Nq be a generalized orthant. We have x G Nq\0 iff there exists 
an i G [k] such that (i) i G I and Xj satisfies x.; G [s* + 1, +cxo) or x, G [0, s, — 1] 
or such that (ii) i ^ I and Xj satisfies x« G [0, Sj — 1]. Let u(i,j) G Nq, for i G [A;] 
and j G No, denote the fc-tuple with all coordinates zero except the ith one which 
is equal to j. It follows that Nq\0 is the union of the generalized orthants 

O u (t )Sj +i),0, i G /; Oufij,),^}, i G [k] and j'j G [0, s { - 1] 

(if Sj = 0, no O u ujA{i} is needed). Thus Nq\0 is a simple set. □ 

Corollary 2.14. The family of simple sets in Nq contains the sets and Nq and 
is closed under taking finite unions, finite intersections, and complements. Hence 
it forms a boolean algebra. 

Proof. This follows by the previous lemma and by elementary set identities involv- 
ing unions, intersections and complements. □ 
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The family of simple sets is in general not closed to infinite unions nor to infinite 
intersections. 

The next theorem is an extension of Theorems 11.51 and 12.21 It characterizes the 
sets S C Nq' , for which these theorems hold. 

Theorem 2.15. If S C Nq is a simple set, then 

„ ( x r(x u ...,x k ) 

Fsfa, ...,x k ) 



(1 - Xi) ■■ ■ (1 - x k ) 

where r(x\, . . . ,x k ) is an integral polynomial. If S cNj is a set such that 

„ , x r(x 1 ,...,x k ) 

Fs(X!, . . . , X k ) = r r 

(1 - ari) •• -(1 - x h ) 

where r(x\, . . . ,Xk) is an integral polynomial, then S is a simple set. 

Proof. Suppose that S C Nq is simple and S = 0\ U ■ ■ • U O r for some generalized 
orthants 0{. By the principle of inclusion and exclusion, Fs(xi, . . . ,x k ) is a sum 
of the 2 r terms (— l)' x 'F (x)(xi, . . . , x k ), X C [r], where 



0(X) = f| Oi 



By Lemma 12.131 each 0(X) is again a generalized orthant. For a generalized 
orthant O = O s j, 



Sl Si. 

Xi ••• 

F (x 1 ,...,x k ) - 1 L 



riie[fc]\/(l x i) 

The first claim follows. 

Suppose that S C Nq and Fs(xi, . . . ,x k ) = r/((l — x\) •••(! — Xk)) where 
r G Z[xi, . . . , Xk}- Hence F$(xi, . . . ,Xk) is an /-term integral linear combination 



Si Su 

Crf J- . . . ry* n> 



f ,--x 1 )---{l-x k ) 

where T C Nq, |T| = /, and c s G Z. Every summand is in fact equal to 
c s Fo s (xi, . . . ,Xk)- The characteristic function of S is an integral linear combina- 
tion of the characteristic functions of the I (full-dimensional) orthants O s = O s $, 
s G T . With X running through the 2 l subsets of T, we partition Nq in the 2 l cells 

f|O s n f| N k \o s . 

seX s£T\X 
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The characteristic function of S is an integral linear combination of the character- 
istic functions of these cells. Since the cells are pairwise disjoint, it follows that S 
is a union of some of these cells. Each cell is a simple set by Corollary 12.141 and 
therefore S is a simple set as well. □ 

Proof of Theorem \2.1B . Let X, B, T , and P = {Pi, . . . , Pi} be as stated. Enlarg- 
ing T by repeating some mappings and enlarging B by repeating some elements 
does not affect the set F^'-wt^B). Therefore, we may assume that \T\ = \B\ = k, 
T = {fi, . . . , fk} and B = {bi, . . . , We set K = k 2 and define a partial coloring 



as follows: the elements x with x( x ) = 
and x G Nq such that z\ := X(i-i)fc+i> ■ ■ 
coordinates of x are zero, we set 



u are regarded as "uncolored"; for i G [k] 
. , Zk '■— are positive but all other 



x(x) = (fr l o---ofr 1 m)- 

Note that if Z\ = • • • = z\. — 1, then x( x ) = We denote the set of all these 
points x by Cj. The set of colored points is C = C\ U • • • U Ck- The points in 
N^\C are uncolored. Each C{ is a generalized orthant. If x G C% and x' G Cj 
for i < j, then x and x' are incomparable by < but x' <\ ex x. For x G with 
all coordinates different from (i — l)k + 1, . . . , (i — l)k + k equal to zero (e.g., if 
x G Cj) and j G [k], we define x(j) by shifting the fc-term block of possibly nonzero 
coordinate values to the coordinates (j — l)k + l, . . . , (j — l)k + k. The key property 
of x is the following: 

if x, ?/ G Ci, x < y, x 1 G and x(^) = x(x'), then = x( x ' + (v - X )U))- 

Indeed, if x{ x ) = x{ x ') = c & X and the coordinates k(i — 1) + 1, . . . , k(i — 1) + k 
of y - x are z u . . . , z k , then x{v) = x( x + (y ~ x )) = UT o • • ■ o fl k )(c) = 
X(x' + (x - y)(j)). 

P induces naturally a partition of [K] into Z blocks which we again denote 
P = {Pi, . . . ,Pi}\ for fj G P r we put in the P r C [if] all k elements j,j + k,j + 
2/c, . . . , j + (& — l)k. Note that for m, . . . , rt; G N we have (recall the definition of 
||x||p before the proof of Corollary 12.31) 

\x({x g \\x\\ P = (m, • • - ,rn)})\MI = i^-i.-"*- 1 )^)!. 

We call a point x G P-substantial if it is colored and is the lexicographically 
minimum element in the set 

{y <= ^o- x(y) = x( x ), \\y\\p = \\ x \\p}- 
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As before, P-substantial points are representatives of the nonempty intersections 
of the color classes of x with the simplex ||x||p = (ni, . . . , ni). Thus 

where G(yi, ■ ■ ■ ,y{) is obtained by the P-substitution from Fs(xi, . . . , %) and S 
is the set of all P-substantial points in Nq". Now the theorem follows as before by 
Proposition I2.9[ Lemma H. 71 and Theorem 12.151 provided that we show that S is a 
simple set. 

To prove that S is simple we consider the complement Nq\S. We have that 

N$\S = (K\c) U C* 

where C* consists of all colored points that are not P-substantial. The set N^\C 
is simple by Corollary 12.141 because C is simple (as a union of the generalized 
orthants Q). Now C* = C{ U • • • U C* k where C* = C* n Q. We show that each 
C* is an upper ideal in (C», <). Then, by Dickson's lemma, C* is a finite union of 
generalized orthants, which implies that C* and C* are simple. So Nq\S is simple 
and 5" is simple. 

Thus suppose that x G C* and y G Cj with x < y. It follows that there is 
a colored point x' G Nq with x(rr') = II^'IIp = II^IIpj an d x' <i ex x. Let 

x' G Cj. Consider the point y' — x' + (y — x)(j). By the property of x we have 
x{v') = x{v)- Since — x\\p = \\(y — x)(J)\\p (by the definition of P), we have 
\\y'\\p = \\x' + (y- x)(j)\\ P = \\x\\ P + ||(|/ - x)(j)\\ P = \\x\\ P + \\y - x\\ P = \\y\\ P . 
If i = j, then y - x = (y - x)(j) and y' = x' + (y - x) < iex x + (y - x) = y. If 
i 7^ j, we must have i < j because x' G Cj, x G Cj, and x' <i ex x. But y' G Cj and 
y G C f> so again j/' < iex y. Thus xd/') = x(v), Wv'Wp = \\v\\p> and v' <iex V, which 
shows that y G C*. We have shown that C* is an upper ideal in (Cj, <), which 
concludes the proof. □ 

3 Concluding remarks 

In [7] , we plan to look from general perspective at further polynomial and quasipoly- 
nomial classes of enumerative problems. A natural question, for example, is about 
the multivariate generalization of Theorem 12.11 generalization of Theorem 11.11 to 
several variables was considered by Beck [3l H] . Theorem 12.11 is related in spirit 
to results of Lisonek jTJ] who counts orbits of group actions on lattice points in 
polytopes. It would be interesting to have an explicit description of the structure 
of an additive coloring x '■ — > X because one may consider further statistics of x 
on the points nP H Z fc , such as the number of occurrences of a specified color. We 
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plan to investigate polynomial classes arising from counting permutations (e.g., Al- 
bert, Atkinson and Brignall [lj, Huczynska and Vatter [6], Kaiser and Klazar [8]), 
graphs (e.g., Balogh, Bollobas and Morris [2]), relational structures (e.g., Pouzet 
and Thiery |18]). and perhaps other. 
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